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1. Introduction 
Let B be a commutative ring with an identity 1, G an automorphism group of B of 
order 2 generated by a, and j a quaternion (j2 = -1). S. Parimala and R. Sridharan [7] 
constructed a generalized quaternion algebra B[j] as follows: 
(1) B[j] is a free left B-module with a basis, (1, j}, 
(2) jb = a(b)j for all b in B and the multiplication is distributive over the addition. 
Let A be the set of all elements in B fixed under V. Assume 2 is a unit in B. S. 
Parimala and R. Sridharan [7, Proposition 1.11 showed that B is a Galois extension 
over A with the Galois group G if and only if B O,Bcj] = M2(B), the matrix algebra 
of order 2 over B, where the Galois extension is in the sense of Chase-Harrison- 
Rosenberg (see Section 2 or [2]). In this paper, we shall generalize the above 
characterization to a prime cyclic Galois extension (that is, the Galois group G has a 
prime order) from the point of splitting rings for Azumaya algebras. Let G be an 
automorphism group of B with a generator (+ of order n for some integer 12. We 
define a ring B[j] such that 
(1) B[j] is a free left B-module with (1, j, . . . , jn-*} as a basis, and 
(2) j” = -1, jkb = ak(b)jk for all b in B and k = 1,2,. . . , n - 1, and the multi- 
plication is distributive over the addition. 
Let A be the set of all elements in B fixed under u. Assume n is a prime integer 
invertible in B. Then we show that B is Galois over A if and only if B OA Bfi] s 
M,(B), the matrix algebra of order n over B. 
Moreover, we shall discuss a non-cyclic case: Let G be an automorphism group of 
B such that G is a non-cyclic group of order 4, G = ((Y)(P), where (Y’ = 1, p2 = 1, and 
i, j, k are the usual quaternions. We define a ring B[i, j, k] such that 
(1) B[i, j, k] is a free left B-module with a basis (1, i, j, k}, and 
(2) ib = a(b jb = p(b)j, kb = (afl(b))k for all b in B, and the multiplication is 
distributive over the addition. 
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Let A be the set of all elements in B fixed under LY and /3. Assume that 2 is a unit in B 
and that each maximal ideal M of B is G-invariant (that is, a(M) = M and 
/3(M) = M). Then B is Galois over A if and only if BO,B[i, j, k]= M,(B), the 
matrix algebra of order 4 over B. 
2. Basic Definitions 
Let B be a ring (not necessarily commutative) with an identity 1. Then B is called a 
ring extension of a ring A if A is a subring of B and contains 1. The ring extension B 
over A is called a separable extension [5, Section 2, Definition 21 if there exist 
elements {Ci, di in B: i = 1, . . . , m for some integer m} such that 
(1) b(c ci Odi) = (x ci @di)b for each b in B, where 0 is over A, and 
(2) C Cidi = 1. 
The ring B is called an Azumaya A-algebra if B is a separable extension over A and 
if the center of B is A [ 1,3,6]. Let B be an Azumaya A-algebra. A commutative ring 
extension S over A is called a splitring ring for B if S OA B = Homs( P, P) where P is a 
progenerator S-module [3, p. 631. Let B be a ring and T a subset of B. The set {b in 
B: bt = rb for all r in T} is called the cornmutant of T in B, denoted by Cn(T). We 
note that T is a maximal commutative subring of B if and only if CB (T) = T. Let B be 
a commutative ring with an identity 1 and a ring extension’ over A. Then B is called 
Gulois over A with a finite automorphism group G (the Gulois group) [2] if 
(1) there exist elements in B, {ai, bi, i = 1,2, . . . , m for some integer m} such that 
x aibi = 1 and 1 ai. a(bi) = 0 whenever u # 1 in G, and 
(2) the set of elements in B fixed under each set of elements in G is A. 
We shall employ the following facts: 
Proposition A [3, Theorem 5.5, p. 641. Let B be an Azumuyu A-algebra. If S is a 
maximal commutative subalgebra in B, and if S is separable over A, then it is a splitting 
ring for B. 
Proposition B [3, Proposition 1.2, p. 811. Let B be a commufurive ring extension ouer 
A, G a finite aufomorphism group of B, and A the set of elements in B fixed under each 
element of G. Then, B is Galois over A with the Gulois group G if and only if for each 
o f 1 in G and each maximal ideal M of B, there exists an element b in B such that 
(b -cr(b))hM. 
As an immediate consequence of Proposition B, if B is Galois over A, the ideal 
generated by {b -v(b)} for all b in B is B for any (T # 1 in G. 
3. Main theorems 
This section will include a generalization of a theorem of Parimala and Sridharan 
[7, Proposition 1.11. Recall that B[j] is a ring such that 
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(1) B is a commutative ring with 1, and G is a cyclic automorphism group of B of 
order n for some integer n generated by V, and 
(2) B[j] is a free left B-module with a basis {l. j, . . . , j”-‘}, j” = -1, jkb = ak(b)jk 
fork=O,l,...,n- 1, and the multiplication is distributive over the addition. 
Let A be the set of all elements in B fixed under (+. Assume n is a prime integer. We 
shall show that B is Galois over A if and only if B O,B[j]=M,(B). In fact, the 
following Lemma 3.1 and Theorem 3.2 also hold for any non-prime integer n. 
Lemma 3.1. If B is Galois over A with a cyclic Galois group G, {u/u” = l}, of order n 
invertible in 8, then B[j] is an Azumaya A-algebra such that B is a maximal 
commutative subalgebra of B[j]. 
Proof. We first claim that the center of B[j] is A. Let c;lL (bkjk) for bk in B be an 
element in the center. Then j(c bkjk) = (1 bkjk)j, that is, 1 c(bk)jkcl = c bkjkcl. 
Since {l.j,... , j”-l} form a basis over B, a(bk) = bk for k = 0, 1,. . . , n - 1. The 
group G is generated by cr such that A is the set of elements in B fixed under U, so bk 
are in A. Also, 6(x bkjk) = (c bkjk)b for each b in B, so c (bbkjk)=x (bkok(b)jk. 
Hence bbk = bkcrk(b), bk(b -mk(b)) = 0. But B is Galois over A, so Proposition B in 
Section 2 implies that bk = 0 for each k # 0. This proves that the center of B[j] is 
contained in A. Clearly, A is in the center of B[j]. 
Next we claim that B[j] is a separable extension over B. In fact, we shall show that 
the element 
x=~(lOl-n~‘(jiOj”-i)), 
i=l 
satisfies the equations: xu = ux for all u in B[j] and (l/n)(l-1 jijnei) = 1. For any b 
i,n B, 
=i(l@b-Z (jiunei (b)@j”-‘))=i(l@b -1 gn(b)ji@jnmi)) 
for u” = the identity of G. 
bx = i(b 0 1 -C (bj’ 0 jnWi)). 
Since the tensor product is over B, 10 b = b 0 1, and hence xb = bx for each b in B. 
Then, using the fact that j” = -1 we can show that (l/n)(l -c jijnei) = 1. Moreover, 
by hypothesis, B is Galois over A, so it is separable over A [3, Proposition 1.2, p. 811. 
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Thus Bcj] is separable over A by the transitivity of separable ring extensions [5, 
Proposition 2.51. Therefore B[j] is Azumaya over A. 
Further, we claim that B is a maximal commutative subalgebra of B[j] by showing 
that the cornmutant Ca[jj(B) of B in B[j] is B. Let C bkjk for bk in B be an element in 
B[j]suchthat b(x bkjk)= (c bkjk)b foreach b in B. Hencex (bbkjk)=C (bkok(b)jk), 
and so bbk = bkak(b) for each k, bk(b-ok(b))=0 for each k and all b in B. Thus 
Proposition B in Section 2 implies that bk = 0 for each k # 0. Thus Cnoj(B) c B. 
Clearly B c Cn[jl(B). 
Proposition A and Lemma 3.1 give 
Theorem 3.2. If B is Galois over A with a cyclic Galois group G, {o/u” = l}, of order n 
invertible in B, then B OA B[j] = b4, (B), the matrix ring of order n over B. 
Proof. Let (B[j])” be the opposite algebra of B[j]. By Proposition A and Lemma 3.1, 
BOA Wl)“~Hom~(B[jl, WI) 
[3, Theorem 5.5, p. 641. Since B[j] is a free B-module of rank n, 
Hom@[jl, B[jl) SW(B). 
Using the transpose matrix map we have (M,(B))’ = M,(B). Thus 
BOAB[j]~(BOA(B[j])0)0~(b4,(B))o~MM,(B). 
To show the converse of Theorem 3.2, we start with some properties of B[j] under 
the assumption that the order of G is a prime integer. 
Lemma 3.3. Let B be a commutative ring with 1, G an automorphism group (= {u}) 
of B of prime order n invertible in B, and A the set of all elements in B fixed under cr. If B 
is not Galois over A, then there exists a maximal ideal Mof B such that MB[j] is an 
ideal of B[j]. 
Proof. Since B is not Galois over A, there exist a maximal ideal M of B and a 
generator (r of G (for n is prime) such that (b -o(b)) E M for all b in B[3, Proposition 
1.2, p. 801. Hence jM = cr(M)j = Mj, and so it is easy to see that MBb] is an ideal of 
BGI. 
Lemma 3.4. LetB be a commutative ring with 1, G an automorphism group (={u}) of 
B of order n (not necessarily prime) invertible in B, and A the set of all elements in B 
fixed under u. If B O,B[j] = M,(B), B[j] is an Arumaya A-algebra. 
Proof. Since B is a commutative A-algebra and M,(B)(=B OA B[j]) is an Azumaya 
B-algebra, it suffices to show that A is an A-direct summand of B by Corollary 1.10 
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in [3, p. 451. In fact, let Tr be the trace map such that Tr(b) =z a’(b) for 
k =o, 1,. . :, n - 1. Since A is the set of elements in B fixed under u, Tr(b) is in A for 
all b in B and (l/n) is also in A. Clearly, the imbedding map Im : A + B has an inverse 
map (l/n)(Tr). Both Im and (l/n)(Tr) are A-module homomorphisms, so A is an 
A-direct summand of B. Thus B[j] is an Azumaya A-algebra. 
Now we are ready to show the sufficiency of our characterization. 
Theorem 3.5. Let B be a commutative ring with 1, G a cyclic automorphism group 
(={a}) of prime order n invertible in B, and A the set of elements in B fixed under u. If 
B@,B[j]=MM,(B), B is Galois overA. 
Proof. Assume B is not Galois over A. By Lemma 3.3, there exists a maximal ideal 
M of B such that MB[j] is an ideal of Bb]. On the other hand, BOA B[j] = M,,(B) by 
hypothesis, so BOA B[j] is an Azumaya B-algebra. But A is an A-direct summand of 
B, so B[j] is an Azumaya A-algebra (Lemma 3.4). Hence MB[j] = mB[j] for some 
ideal m of A [3, Corollary 3.7, p. 541. Thus MB = mB. Since (b -m(b)) is in M for all 
b in B, b = c(b) + x for some x in A4. Hence a(b) = b -x, and 
/(b)=a(b)-cr(x)=b-x-u(x). 
By noting that c+(M) = M, (-x -a(x)) is in M. By induction, g’(b) = b + c with some 
c in M and for any given integer k. Let c = c’d for some c’ in m and d in B (for 
MB = mB). Thus 
i@jkb = i@ck(b)jk =i@(b+c’d)jk = i@bjk+i@c’djk 
= i@bjk +E’@djk = i@bjk +6 = i@bj” 
in (B/M)@,B[j]. But thenit iseasy tosee that iojkb = i@bjk for all b in B implies 
that (BIM)OAB[jl is a commutative algebra. This means that M,(B/M) is a 
commutative algebra because it is isomorphic with (B/M)OA B[j], a contradiction. 
Thus B is Galois over A. 
The algebra given in Theorem 3.2 is derived from a cyclic Galois extension B over 
A. Now we construct an algebra derived from a non-cyclic Galois extension. Our 
result is another generalization of the necessity of the theorem of Parimala and 
Sridharan. Let B be a commutative ring with 1 and with a non-cyclic automorphism 
group G of order 4 invertible in B, where G = (a)(p) such that (Y’ = p2 = 1, and A the 
set of all elements in B fixed under a and P. We define an A-algebra B[i, j, k], where 
i, j, and k are the usual quaternions, by ib = (~(b)i, jb = p(b)j, kb = (a@)(b)k, and the 
multiplication is distributive over the addition. 
Theorem 3.6. If B is Gafois over A with the above Galois group G. Then 
(1) B[i, j, k] is an Arumaya A-algebra. 
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(2) B is a maximal commutative subalgebra of B[i, j, k]. 
(3) B OAB[ir j, k] = M4(B), the matrix algebra of order 4 over B. 
Proof. Considering B as a subring of B[i, j, k]. We claim that B[i, j, k] is a separable 
ring extension of B. Let 
E =a(l@l-i@i-j@j-k@k) 
(for 4 is a unit in B). Then 
ic =&@l+l@i-k@j+j@k) and ci=a(l@i+i@l+j@k-kOj), 
v&~,Y & ,s over B. Hence ia = ci. Similarly, jc = Ej and ks = Sk. Also, for each b in 
B, 
be =a(b@l-bi@i-bj@j-bk@k) 
and 
cb=a(l@b-i@ib-j@jb-k@kb). 
Since 1 @b = b 0 l(for 0 is over B), 
i@ib = i@a(b)i = ia(b)@i = cu*(b)i@i = biOi, 
and since 
jOjb = bj@j and k@kb = bk@k 
similarly, we have that EX = XE for all x in B[i, j, k]. Also, $1 - i* - j* -k*) = 1. Thus 
B[i, j, k] is separable over B. But B is Galois over A, so it is separable over A. Thus 
B[i, j, k] is separable over A by the transitive property of separability of ring 
extensions [5, Proposition 2.51. 
Next, we show that the center of B[i, j, k] is A. Let x = al + a$ + ajj + a4k be an 
element in the center. Then bx = xb for each b in B. This implies that az(b -a!(b)) = 
0, a3(b -P(b)) = 0 and a4(b -rip(b))) = 0 for all b in B. But B is Gaiois over A, so 
a2 = a3 = a4 = 0 by Proposition B in Section 2. Thus al =x. Also, ari = iar, alj = jai, 
ark=kar, so ati=cr(ar)i, alj=/3(al)j and ark=(ap)(at)k. Thus al=cu(al), al= 
/3 (a,), and a 1 = @(a 1). Since A is the set of elements in B fixed under a and /3, a1 is 
in A. Thus x is in A. Clearly, A is contained in the center, so A is the center. 
For Part (2), we claim that the commutant of B in B[i, j,. k] is B. The proof of Part 
(1) implies that the cornmutant is contained in B, and B is clearly contained in the 
cornmutant. 
Parts (1) and (2) imply that 
BOA(B[~, j, kl)‘=HomB(B[i, j, kl, B[i, j, kl) 
[3, Theorem 5.5, p. 641, where (B[i, j, k])’ is the opposite algebra of B[i, j, k]. Since 
B[i, j, k] is a free B-module of rank 4, Homs(B[i, j, k], B[i, j, k]) zs i%(B). By taking 
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opposite algebras both sides, B@,_,B[i, j, k]= (M4(B))’ which is isomorphic with 
M4(B) under the transpose matrix map. 
As given in Galois extensions, we ask whether the isomorphism from 
B@,B[i, j, k] to M,(B) implies that B is Galois over A. We are able to prove it 
affirmatively for some class of extensions. Recall that an ideal I of B is a G-invariant 
if G(I) = 1, where G is an automorphism group of B [4]. Now we are interested in a 
commutative ring extension B over A such that each maximal ideal A4 of B is 
G-invariant. Clearly, the maximal ideal of any local ring B is G-invariant. 
Theorem 3.7. Let B be a commutative ring extension over A with a non-cyclic 
automorphism group G, (a)(@), of order 4 invertible in B, and A the set of ail elements 
in B fixed under CY and p. Assume that each maximal ideal of B is G-invariant. If 
BOAB[i, j, k]=M(B), B is Galois over A, provided B/MOAB[i] is not com- 
mutative. 
Proof. Assume that B is not Galois over A. There exist a maximal ideal M and an 
element in G, a, say, such that (b -a (6)) is in A4 for all b in B (Proposition B in 
Section 2). By hypothesis, M is G-invariant, so iA = (u(M)i, jM =P(M)j and 
kM = (a@)(M)k. It is easy to see that this implies that MB[i, j, k] is an ideal of 
B[i, j, k]. By hypothesis, B @A B[i, j, k] = M,(B), so it is an Azumaya B-algebra. But 
the imbedding map: A + B has an inverse map $(Tr) as A-module homomorphisms 
where Tr is the trace map from B to A induced by G, so A is an A-direct summand of 
B. Hence B[i, j, k] is an Azumaya A-algebra. Thus MB[i, j, k] = mB[i, j, k] for some 
ideal m of A. Since (1, i, j, k} is a basis over B, M = mB. But then, as given in the 
proof of Theorem 3.5, we can show that (B/M)OAB[i] is a commutative subalgebra 
of (B/M)O,B[i, j, k]. Noting that iV&(B/M) is isomorphic with (B/M)OAB[i, j, k] 
such that B/M@B[i] is not a commutative subalgebra, we reach a contradiction. 
Thus B is Galois over A. 
We remark that any G-invariant ideal of B in Theorem 3.7 is extended from A; 
that is, it is (IB) for some ideal I of A. In fact, Let D be an ideal of B which is 
G-invariant. Then iD = a(D jD = p(D)j and kD = (a@)(D)k. This implies that 
DB[i, j, k] is an ideal of B[i, j, k]. On the other hand, by the proof of Theorem 3.7, 
B[i, j, k] is an Azumaya A-algebra, so DB[i, j, k] = IB[i, j, k] for some ideal I of A. 
Noting that (1, i, j, k} is a basis over B, we conclude that D = IB. 
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